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Modelling Ca2+ Oscillations in Plants

GERALD SCHÖNKNECHT*1 AND CLAUDIA BAUER2

Abstract
To interpret the physiological functions of Ca2+ oscillations in plants cells,
one has to understand how Ca2+ oscillations are generated and how they are
modified by internal as well as external stimuli. Yet, oscillations result from
nonlinear interactions of different components, which makes it impossible to
intuitively predict how a certain stimulus might affect the frequency or
amplitude of a Ca2+ oscillation. Usually, it is not even possible to explain why
certain conditions result in Ca2+ oscillations whereas others do not. The only
way to try to explain intracellular Ca2+ oscillations is by a mathematical
model. Here, we give an introduction on how such a mathematical model can
be derived. To start with, a general scheme of the Ca2+ fluxes in a plant cell is
translated into a set of simple differential equations. Using Sr2+-induced Ca2+
oscillations in the unicellular green alga Eremosphaera viridis as an example,
this general scheme is then developed into a complete mathematical model.
For this, the different Ca2+ fluxes driving the Ca2+ oscillations are discussed
and, term by term, integrated into two coupled, nonlinear differential equations. Where possible, the mathematical description of the transmembrane
Ca2+ fluxes is based on experimental results obtained with E. viridis. In some
cases, assumptions based on models of Ca2+ oscillations in animal cells are
introduced. A couple of simplifications are made to prevent the mathematical model from becoming excessively complex. Despite these limitations, the
derived mathematical model qualitatively reproduces the dose dependence of
frequency and amplitude of Sr2+-induced Ca2+ oscillations in E. viridis.
Finally, it is discussed how Ca2+ oscillations in other plant cells – such as Nod
factor-induced Ca2+ oscillations in root hairs or Ca2+ oscillations in stomatal
guard cells – might be described mathematically.
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Introduction

Being a result of nonlinear interactions among different components of a
dynamic system, oscillations can hardly be understood intuitively. When it
comes to sustained oscillations of the cytosolic free Ca2+ concentration – or Ca2+
oscillations for short – it is obvious that Ca2+ channels and Ca2+ pumps are
involved (Berridge 1997; Hetherington and Brownlee 2004). Ca2+ channels
mediate the influx of Ca2+ into the cytosol, from the exterior or from intracellular Ca2+ stores, and Ca2+ pumps mediate Ca2+ efflux from the cytosol, restoring cytosolic Ca2+ levels and refilling intracellular stores (Fig. 14.1). In such a
generalised model, Ca2+ pumps can be understood as any type of membrane
protein that transports Ca2+ against its electrochemical potential gradient.
From a scheme such as that given in Fig. 14.1, however, it is impossible to predict under which conditions Ca2+ oscillations might be observed or not. Only a
mathematical model can assess whether a certain system will show stable oscillations (i.e. limit cycle oscillations, see below) and under which conditions.
In animal cells, attempts to describe Ca2+ oscillations by mathematical
models have formed an integral part of this research sphere almost from the
very beginning (Meyer and Stryer 1988; Dupont et al. 1990), and the resulting
mathematical models significantly contributed to a better understanding and
the design of more refined experiments. By contrast, in plant cells we are

Fig. 14.1 General scheme of Ca2+ concentrations and Ca2+ fluxes in a plant cell. Cacy, Caer, Cava and
Caext are cytosolic, ER, vacuolar and external Ca2+ concentration respectively; nin is influx of Ca2+
across the plasma membrane, nout is transport of Ca2+ out of the cell, neri is influx of Ca2+ into the
cytosol from the ER, nero is transport of Ca2+ out of the cytosol into the ER, nvai is influx of Ca2+ into
the cytosol from the vacuole, and nvao is transport of Ca2+ out of the cytosol into the vacuole. Here,
a Ca2+ pumps can be any membrane transport molecule that transports Ca2+ against its electrochemical potential gradient (i.e. out of the cytosol), and a Ca2+ channel can be any transport
process that enables Ca2+ to cross the membrane down its electrochemical potential gradient
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aware of only a single attempt to model Ca2+ oscillations mathematically
(Bauer et al. 1998a). Oscillations in plant membrane potential resulting from
fluctuations in membrane transporter activity have been described mathematically (Gradmann 2001; Shabala et al. 2006) but no mathematical models
have been developed yet for Ca2+ oscillations observed in stomatal guard
cells, pollen tubes or legume root hairs.
Mathematically, Ca2+ oscillations can be described at two different levels –
on a molecular level or on a compartment level. On a molecular level, the spatial and temporal distribution of discrete Ca2+ ions is calculated by stochastic
algorithms (Kraus et al. 1996; Kummer et al. 2005). On a compartment level,
continuous concentrations are calculated by integrating differential equations. This latter deterministic approach assumes homogeneous concentration within each compartment, and is mathematically much simpler than that
for stochastic models. In small compartments, however, particle numbers
may become so low that spatial fluctuations can no longer be ignored, and the
assumption of homogeneous concentrations is no longer valid. For example,
a compartment of 1 µm3 with a free Ca2+ concentration of 100 nM contains
only 60 free Ca2+ cations. Compared to this, the cytosolic volume of an
Arabidopsis guard cell is in the order of 10 µm3, and cell organelles may have
volumes of less than 1 µm3. Even though there are indications that stochastic
effects might be relevant at physiological Ca2+ concentrations (Kummer et al.
2005), to date most mathematical models of Ca2+ oscillations are based on
deterministic models (Schuster et al. 2002). The following example illustrating how a mathematical model of Ca2+ oscillations can be developed is based
on experiments performed with the unicellular green alga Eremosphaera
viridis. The spherical cells of E. viridis have a diameter of about 150 µm,
resulting in compartment volumes that most likely justify a deterministic
approach.
For the benefit of the reader, in the following are listed the definitions of
some key abbreviations used in this chapter. CICR, Ca2+-induced Ca2+ release;
CPA, cyclopiazonic acid; DBHQ, 2,5-di-tert-butylhydroquinone; IP3, inositol
1,4,5-trisphosphate.

14.2

Developing a Mathematical Model

To understand how a mathematical model of Ca2+ oscillations can be developed, let us start with the general scheme in Fig. 14.1, summarizing Ca2+ concentrations and Ca2+ fluxes in a plant cell. For this general model, the
differential equations describing changes of intracellular Ca2+ concentrations
can directly be written as:
d
Ca = o in - o out + o eri - o ero + o vai - o vao
dt cy

(14.1)
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d
Ca = t er (o ero - o eri )
dt er

(14.2)

d
Ca = t va (o vao - o vai )
dt va

(14.3)

where Cacy, Caer, Cava and Caext are cytosolic, ER, vacuolar and external Ca2+
concentration respectively, nin is influx of Ca2+ across the plasma membrane,
nout is transport of Ca2+ out of the cell, neri is influx of Ca2+ into the cytosol
from the ER, nero is transport of Ca2+ out of the cytosol into the ER, nvai is
influx of Ca2+ into the cytosol from the vacuole, nvao is transport of Ca2+ out
of the cytosol into the vacuole, and rer and rva are the cytosol/ER and
cytosol/vacuole volume ratios respectively. Caext, the external Ca2+ concentration, is usually assumed to be constant. Throughout this chapter, italic
symbols of substances are used for concentrations, e.g. [Ca2+]cy→Cacy.
Obviously, the general model presented in Fig. 14.1 and Eqs. (14.1) to
(14.3) is grossly simplified. It contains only two intracellular Ca2+ stores, does
not include any signalling components such as IP3, and neither is Ca2+ buffering considered. It would indeed be possible to add additional Ca2+ stores but,
as demonstrated below, a single Ca2+ store is sufficient for the generation and
maintenance of stable Ca2+ oscillations. Signalling components such as IP3,
which release Ca2+ from internal stores, are an important component of most
models for Ca2+ oscillation in animal cells (Schuster et al. 2002). In a less complex case, a certain concentration of IP3 promotes Ca2+ release from internal
stores into the cytoplasm. In the general scheme given above, this would simply cause an increase in neri and/or nvai. In more complex cases, IP3 (the IP3
concentration) may be a separate variable, and IP3 dynamics is described by
a differential equation. Ca2+ binding by buffers can modulate Ca2+ oscillations, and mathematical models have been developed that describe Ca2+ binding by a separate variable/differential equation. To keep things simple, we
stay with the general model presented in Fig. 14.1 and Eqs. (14.1) to (14.3). It
contains (almost) everything needed for stable cytosolic Ca2+ oscillations.
To start with, we consider an example of Ca2+ oscillations observed in a
plant cell. When the unicellular green alga E. viridis is perfused with a bath
solution containing Sr2+ (0.1 mM or more) or caffeine (1 mM or more), cytosolic Ca2+ oscillations are observed (Bauer et al. 1997). Our group performed a
pharmacological characterization of these Ca2+ oscillations to elucidate the
molecular mechanisms of Ca2+ oscillations in a plant cell. Based on experimental results, we were able to develop a mathematical model that describes
Sr2+-induced Ca2+ oscillations in E. viridis (Bauer et al. 1998a). The principal
findings of the pharmacological experiments are summarized in Fig. 14.2. In
the following sections, these results are used to develop Eqs. (14.1) and (14.2)
into a mathematical model for Sr2+-induced Ca2+ oscillations.
We begin at the plasma membrane (nin and nout in Fig. 14.1). Models of
Ca2+ oscillations can be divided into two groups – those with constant total
cellular Ca2+ content (nin=0, nout=0) and those with changing total cellular
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Fig. 14.2 Model for Sr2+-induced Ca2+ oscillations in the unicellular green alga Eremosphaera
viridis. Sr2+ enters the cell via plasma membrane cation channels that are blocked by Gd3+
or La3+. Most of the Sr2+ taken up into the cell is compartmentalized into the vacuole. Ca2+ (and
Sr2+?) is transported into the ER by Ca2+-ATPases that are specifically blocked by DCBQ
and CPA. In the cytosol, Ca2+ and Sr2+ induce a Ca2+-induced Ca2+ release (CICR) from the ER.
The ER Ca2+ channel is blocked by either ruthenium red (RR) or ryanodine (Ry). Increasing
cytosolic Ca2+ causes the opening of plasma membrane K+ channels, resulting in a hyperpolarization (Bauer et al. 1998a)

Ca2+ content, due to Ca2+ fluxes across the plasma membrane. To test for the
importance of Ca2+ uptake into the cell, we applied La3+ and Gd3+ during Sr2+induced or caffeine-induced Ca2+ oscillations. Both trivalent cations rapidly
and reversibly blocked Ca2+ oscillations induced by either Sr2+ or caffeine
(Bauer et al. 1997, 1998a). Cation uptake measurements (by ICP-AES analysis
of cell sap) showed that neither La3+ nor Gd3+ reached detectable intracellular
concentrations. Therefore, La3+ and Gd3+ most likely inhibited Ca2+ oscillations by blocking Ca2+ influx across the plasma membrane, indicating the
necessity of Ca2+ uptake into the cell for sustained Ca2+ oscillations.
Ca2+ influx across the plasma membrane, nin, depends on Caext and the
electrochemical potential difference for Ca2+. Caext was constant under our
experimental conditions and, therefore, does not need further consideration.
The electrochemical potential gradient for Ca2+, however, does change during
Ca2+ oscillations. Increasing Cacy during a Ca2+ spike decreases the chemical
potential difference for Ca2+ across the plasma membrane. Moreover, Ca2+
oscillations in E. viridis have been shown to be accompanied by membrane
potential oscillations, caused by the Ca2+-dependent opening of plasma membrane K+ channels (Bauer et al. 1998b). Each cytosolic Ca2+ spike induces a
hyperpolarization increasing the electrical potential difference. How do these
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opposing changes in chemical and electrical driving force affect Ca2+ influx
into the cell (nin)? To answer this question, we systematically varied the electrical driving force, i.e. the membrane potential, during Sr2+-induced Ca2+
oscillations. When the external K+ concentration is increased, the membrane
potential of E. viridis becomes less negative and the transient hyperpolarizations (at 0.1 mM external K+) accompanying Ca2+ spikes change into transient
depolarizations (at 100 mM external K+). Furthermore, cytosolic Ca2+ oscillations are not significantly altered by the membrane potential change induced
by increasing external K+ (Bauer et al. 1998a). Even though Ca2+ oscillations
in E. viridis are accompanied by membrane potential oscillations, the membrane potential does not seem to have a large effect on the Ca2+ oscillations.
For an initial, simplified mathematical model, therefore, we assumed
nin=const.
If there is Ca2+ uptake into the cell, then there has to be Ca2+ transport out
of the cell to prevent Ca2+ from accumulating over time. For the mathematical model, we simply assume the activity of a plasma membrane Ca2+-ATPase
that pumps Ca2+ out of the cell with a rate proportional to the cytosolic concentration, Cacy (nout=kout·Cacy). This assumption, again, is a simplification,
ignoring saturation of transport rates at high substrate concentrations, as
described by Michaelis-Menten-type transport kinetics. Yet, many transporters operate at substrate concentrations below their Km (Michaelis constant) values, resulting in an effectively linear relationship between transport
rate and substrate concentration. Even if a linear relationship is not exactly
given, this approximation seems to be justified for qualitative description.
To describe self-sustained oscillations by a system of differential equations, at least two variables are needed (Stucki and Somogyi 1994). In the case
of Ca2+ fluxes between the cytosol and the intracellular Ca2+ stores (neri, nero,
nvai, nvao), one of these variables is obviously Cacy, the cytosolic Ca2+ concentration; the other variable might be the Ca2+ concentration inside an intracellular Ca2+ store, Caer or Cava (in the general model given in Fig. 14.1 and Eqs.
14.1 to 14.3). Alternatively, the other variable might be IP3 (or the changing
sensitivity of IP3 receptors), or the number of Ca2+ buffer groups binding
Ca2+, or the membrane potential (Schuster et al. 2002). More complex models
may contain more than two variables.
In the case of Sr 2+-induced (or caffeine-induced) Ca 2+ oscillations in
E. viridis, there is experimental evidence that the Ca2+ concentration of an
intracellular store – most likely the ER (Caer) – is such another variable. Why
the ER and not the vacuole? The Ca2+ content of the vacuole is probably
too high to show significant changes during cytosolic Ca2+ oscillations. In
E. viridis, the vacuolar free Ca2+ concentration is 200 µM, compared to 160 nM
in the cytosol (Bethmann et al. 1995). Based on a roughly tenfold larger volume
of the vacuole, the total Ca2+ content of the vacuole would be four orders of
magnitude higher than that of the cytosol – assuming comparable Ca2+ buffer
capacities. Even if the cytosolic Ca2+ buffer capacity were 100 times larger than
the vacuolar buffer capacity, which is not likely to be the case (Schönknecht
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and Bethmann 1998), a Ca2+ release from the vacuole that increases the cytosolic free Ca2+ concentration from 160 nm to 1.6 µM would not result in a significant change of the free vacuolar Ca2+ concentration. It is the large amount of
Ca2+ accumulated inside the vacuole that makes is rather unlikely that cytosolic Ca2+ oscillations are accompanied by vacuolar Ca2+ oscillations, thus ruling
out the vacuolar Ca2+ concentration (Cava) as second variable for the mathematical model.
In line with these quantitative considerations, our experimental evidence
points to a rather small intracellular Ca2+ store driving Sr2+-induced (and caffeine-induced) Ca2+ oscillations in E. viridis. Application of the ER Ca2+ATPase blocker DBHQ or CPA (10 µM in each case) stops Sr2+-induced Ca2+
oscillations within a few minutes. The baseline Cacy level and Sr2+ uptake and
compartmentalization are not affected by DBHQ, indicating that Ca2+ and
Sr2+ homeostasis is still maintained by Ca2+ pumps not inhibited by DBHQ
(Bauer et al. 1998a). DBHQ and CPA have been shown to act specifically on
ER Ca2+-ATPases both in animal (Inesi and Sagara 1994) and plant cells
(Logan and Venis 1995; Hwang et al. 1997; Liang et al. 1997). As evident from
Fig. 14.2, blocking ER Ca2+-ATPases by DBHQ or CPA prevents the reuptake
of Ca2+ into the ER, resulting in a depletion of the intracellular Ca2+ store that
is needed to drive the Ca2+ oscillations. For the mathematical model, we assume
the transport rate of the ER Ca2+-ATPase to be proportional to the cytosolic
Ca2+ concentration (nero=kero·Cacy) – as we assume for the plasma membrane
Ca2+-ATPase, too (nout, see above).
Finally, we need a mathematical term describing the Ca2+ efflux from the
intracellular store (neri) that increases Cacy during Ca2+ oscillations. Most Ca2+
oscillations investigated in animal cells seem to be driven by intracellular
Ca2+ release via IP3 receptors (Schuster et al. 2002). TMB8 (3,4,5-trimethoxybenzoic acid 8-diethylaminooctyl ester), an inhibitor of IP3-induced Ca2+
release in E. viridis (Förster 1990), does not block Sr2+-induced Ca2+ oscillations at concentrations of up to 200 µM, indicating that IP3 receptors are not
involved. In animal cells, caffeine and Sr2+ are known to induce Ca2+ release
from the ER (and sarcoplasmic reticulum) via the ryanodine receptor
(Meissner 1994). In E. viridis, both Sr2+ and caffeine induce identical Ca2+
oscillations (Bauer et al. 1997). Ruthenium red (Ma 1993) and ryanodine
(Smith et al. 1988) are known to be specific for the ryanodine receptor in
animal cells (Ehrlich et al. 1994), and have been shown to block Ca2+ release
in plant cells (Allen et al. 1995; Muir and Sanders 1996). When microinjected
into E. viridis, both inhibitors block Sr2+-induced (and caffeine-induced)
membrane potential oscillations accompanying Ca2+ oscillations, whereas
membrane potential changes induced by other changes (such as darkening)
are not affected (Bauer et al. 1998a). This indicates that ruthenium red and
ryanodine specifically block Sr2+-induced Ca2+ release from the ER but not the
Ca2+ release from chloroplasts after darkening. Summarizing, in E. viridis
cytosolic Sr2+ seems to induce Ca2+ release from the ER by activating a ryanodine receptor type of Ca2+ channel (see Fig. 14.2).
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How can this component, the Sr2+-induced Ca2+ release from the ER (neri),
be mathematically described to complete the mathematical model of Sr2+induced Ca2+ oscillations in E. viridis? Very little is known about ryanodine
receptor-type Ca2+ channels in plants. At this point, to achieve a qualitative
description of the Sr2+-induced Ca2+ release in E. viridis, one has to rely on
data from animal cells. Ryanodine receptors, similarly to IP3 receptors, show
so-called Ca2+-induced Ca2+ release (CICR). This means that a relatively small
initial increase in Cacy activates ryanodine receptors, resulting in Ca2+ release
and, thus, a further increase of Cacy. Almost all models of Ca2+ oscillations
with only two variables are based on CICR as a positive feedback element
(Schuster et al. 2002). This is important, since another requirement for stable
oscillations is feedback. At least one feedback step has to connect the variables. This feedback is usually positive, since negative feedback loops in most
cases act as stabilizing elements, returning the variables to their steady-state
values preventing oscillations (Stucki and Somogyi 1994).
CICR is a nonlinear process and, in mathematical models of Ca2+ oscillations, cooperative Ca2+ binding (with Hill coefficients of two or higher) to the
ryanodine receptor or IP3 receptor is often assumed (Somogyi and Stucki
1991; Schuster et al. 2002). For isolated ryanodine receptor complexes of the
sacroplasmic reticulum, a positive cooperativity for Ca2+-dependent channel
gating has been shown (Meissner et al. 1986; Pessah et al. 1987). The positive
nonlinear feedback by CICR is a central element of many Ca2+ oscillation
models (Berridge 1990; Dupont and Goldbeter 1993; Bootman et al. 1996).
Why is nonlinear feedback important? A further requirement for stable oscillations is ‘sufficient total nonlinearity’ (Stucki and Somogyi 1994), as a system of linear kinetics will not give rise to stable oscillations. In most models,
it is the feedback element that is assumed to be nonlinear. This nonlinearity
can come from Michaelis-Menten-type kinetics, positive cooperativity, etc.
(Stucki and Somogyi 1994). In line with existing models of Ca2+ oscillations
and what is known about the ryanodine receptor in animal cells, we assume
that Ca2+-induced Ca2+ release from the ER (neri) in E. viridis is based on
cooperative Ca2+ binding. This is mathematically formulated as:
o eri = k eri .

Ca cyn

. (Ca er - Ca cy )
K n + Ca cyn

(14.4)

where keri is the rate constant for Ca2+ release by the ryanodine receptor, K is
the affinity constant for Ca2+ binding (half maximum binding), n is the Hill
coefficient, and all other symbols are as in the general model given in Fig. 14.1
and Eqs. (14.1) to (14.3). Equation (14.4) describes a Ca2+ channel (keri) that is
modulated in a cooperative manner (K, n) by cytosolic Ca2+ (Cacy) while the
difference in Ca2+ concentration between ER and cytosol (Caer-Cacy) drives
the Ca2+ flux (neri).
Next, Sr2+ has to be included. It is known that Sr2+, similarly to Ca2+ (and
caffeine), gates the ryanodine receptor open, triggering Ca2+ release
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(Meissner 1994). For Sr2+-induced Ca2+ oscillations in E. viridis, it is therefore
assumed that there is both a Ca2+-induced Ca2+ release and a Sr2+-induced
Ca2+ release from the ER via a ryanodine receptor-type Ca2+ channel.
Accordingly, Eq. (14.4) is extended to:
o eri = k eri .

(Ca cy + Sr cy )n
K n + (Ca cy + Sr cy )n

. (Ca er - Ca cy )

(14.5)

where Srcy is the cytosolic Sr2+ concentration. For simplicity, the same affinity constant, K, and Hill coefficient, n, are assumed for Ca2+ and Sr2+.
Equation (14.5) describes a sigmoid function with a very low Ca2+ flux, neri,
in the absence of Sr2+ (Srcy=0) and at low Cacy (<200 nM at rest). However, we
have experimental evidence that there is a considerable Ca2+ efflux from the
ER even in the absence of Sr2+ and at low Cacy. Incubation of E. viridis with
the ER Ca2+-ATPase blocker DBHQ or CPA for more than 5 min completely
inhibits Sr2+-induced Ca2+ oscillations (Bauer et al. 1998a). Similarly to animal
cells (Kass et al. 1989; Demaurex et al. 1992), there probably is a continuous
efflux of Ca2+ from the ER in E. viridis and, when the compensating Ca2+
uptake by the ER Ca2+-ATPase is inhibited, this results in store depletion preventing Ca2+ oscillations. To account for this continuous Ca2+ efflux, an additional ‘leak’ term, kerL.(Caer-Cacy), is introduced that describes a Ca2+ efflux
proportional to the driving force – the difference in Ca2+ concentration
between the ER and cytosol (Caer-Cacy). This leak term is added to Eq. (14.5)
to obtain a complete description of the Ca2+ efflux from the ER (neri):
N
J
n
O
K
` Ca cy + Sr cy j
O. ` Ca er - Ca cy j
o eri = K k erL + k eri .
(14.6)
n
n
KK
K + ` Ca cy + Sr cy j OO
P
L
where kerL is the rate constant (proportionality factor) for the Ca2+ leak from
the ER. Having discussed all Ca2+ fluxes that are summarized in the general
model in Fig. 14.1 and Eqs. (14.1) to (14.3), nout, neri and nero can now be substituted, converting Eqs. (14.1) and (14.2) into:
Z
J
N
n
]
K
O
` Ca cy +Sr cy j
] d Ca = o - _ k + k i . Ca + K k + k .
O.
cy
in
out
ero
cy
erL
eri
n
] dt
n
KK
OO
+
+
K
Ca
Sr
`
j
cy
cy
]
L
P
]
Ca
Ca
` er
[
cy j
]
J
N
J
N
]d
(Ca cy +Sr cy )n O
. ` Ca er -Ca cy j O (14.7)
] Ca er = t er KK k ero . Ca cy - K k erL + k eri . n
K
K
OO
] dt
K + (Ca cy +Sr cy )n O
L
P
L
P
]
\
Figure 14.3 gives a scheme explaining Eq. (14.7). Cytosolic Sr2+ initializes
Ca2+/Sr2+-induced Ca2+ release from the ER. Due to a nonlinear positive feedback (Eq. 14.5), this results in a rapid, autocatalytic increase of Cacy.
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Decreasing Caer and increasing Cacy slow down Ca2+ release. The ER Ca2+ATPase (kero) refills the ER Ca2+ store (Caer↑) and, together with the plasma
membrane Ca2+-ATPase (kout), causes Cacy to decrease to the baseline level
once again.

14.3

Discussion of the Model

A comparison of Figs. 14.1 and 14.2 with Fig. 14.3 shows that the vacuole is
not included in the mathematical model. The quantitative considerations
given above indicate that Cava is unlikely to oscillate in E. viridis. In addition,
there is no experimental evidence that Ca2+ fluxes between the cytosol and the
vacuole play a significant role for Sr2+-induced Ca2+ oscillations in E. viridis.
It therefore seems justified to omit Cava, nvai and nvao in the mathematical model
(Eq. 14.7).
The differential equations shown in Eq. (14.7) can not be integrated analytically but only numerically, i.e. step by step, starting with a certain set of

Fig. 14.3 Model of the Ca2+ oscillator described by Eq. (14.7). All parameters and variables used
in Eq. (14.7) for the mathematical model of Sr2+-induced Ca2+ oscillations in E. viridis are
depicted in a schematic way. There is a constant Ca2+ influx from the external medium (nin), and
this constant Ca2+ influx is compensated by a plasma membrane Ca2+-ATPase that pumps Ca2+
out of the cytosol (kout). The ER is the intracellular Ca2+ store driving the Ca2+ oscillations, and
Caer – in addition to Cacy – is the second variable changing over time in this model. There is a
continuous efflux of Ca2+ from the ER due to a leak (kerL). Sr2+ most likely enters the cell by the
same pathway as does Ca2+, and a Ca2+/Sr2+-induced Ca2+ release from the ER (keri) causes the
rapid increase of Cacy initializing Ca2+ oscillations. The binding of Ca2+ and Sr2+ to the ER Ca2+
release channel (ryanodine receptor type) is assumed to be cooperative (K, n). The Ca2+ store is
refilled by a ER Ca2+-ATPase (kero)
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start values, Cacy(t=0) and Caer(t=0). This can be conveniently performed
using Mathematica© (Wolfram Research Inc., Champaign, IL) or any other
comparable software package. Figure 14.4 compares Sr2+-induced Ca2+ oscillations measured in E. viridis (Fig. 14.4a) with Ca2+ oscillations calculated by
numerically solving Eq. (14.7), the latter shown in Fig. 14.4b. In Fig. 14.4b,
the following parameter set was used: nin=1, kout=1, kero=2, kerL=0.05,
keri=1.2, K=2.5, n=4, Srcy=0.1, rer=1, with Cacy(t=0)=0.2 and Caer(t=0)=24 as
start values. The same parameter set, but with Srcy=0, does not result in
oscillations – as should be the case for Sr2+-induced Ca2+ oscillations.
As a simplification, no units are given for the parameter values used to
solve Eq. (14.7); as a result, the axes for the calculated Ca2+ oscillations
(Fig. 14.4 b and c) are given in arbitrary units. For a first qualitative evaluation,
this seems justified. For a more detailed simulation yielding time axes in seconds

Fig. 14.4 Measured and calculated Ca2+ oscillations. a Sr2+-induced Ca2+ oscillations measured
in a single E. viridis cell in the presence of 1 mM SrCl2 in the external medium. Cacy was measured at a sampling frequency of 1/3 s−1 after mechanical microinjection of the fluorescent Ca2+sensitive dye fura-2-dextran. b Sr2+-induced Ca2+ oscillation calculated by numerical integration
of Eq. (14.7), using the following parameter set: nin=1, kout=1, kero=2, kerL=0.05, keri=1.2, K=2.5,
n=4, Srcy=0.1, rer=1, and with Cacy(t=0)=0.2 and Caer(t=0)=24 as start values. c Calculated values of Cacy are plotted against calculated values for Caer, displaying the so-called limit cycle.
Starting at Cacy(t=0)=0.2 and Caer(t=0)=24, the two variables quickly approach the limit cycle.
For sake of simplicity, no units are given and the axes are given in arbitrary units for the calculated Ca2+ oscillation (in b and c; see text)
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and Cacy-axes in nM, additional parameters would have to be introduced – such
as the Ca2+ buffer capacity – and reasonable values for most parameters would
have to be available. However, for most of the rate constants, affinities, volumes,
buffer capacities, etc. needed for a more detailed model, no established values
exist. For the time being, therefore, more detailed models with additional
parameters are more likely to introduce additional uncertainty than to achieve
higher accuracy. To solve the mathematical functions developed here (Eq. 14.7),
most parameters were given values close to 1. The activity of the ER Ca2+ATPase (kero=2) is assumed to be twice as high as the activity of the plasma
membrane ATPase (kout=1), and the leak releasing Ca2+ from the ER
(kerL=0.05) is assumed to have a much lower rate constant than that for the
Sr2+/Ca2+-induced Ca2+ release (keri=1.2) – all these seem to be reasonable
assumptions.
In Fig. 14.4c, Cacy is plotted against Caer. The closed curve in this plot
is referred to as limit cycle. From their start values, the two variables
(Cacy(t=0)=0.2, Caer(t=0)=24) quickly approach this limit cycle and then
cycle in a fixed orbit. For stable oscillations, the size and shape of the limit
cycle depend on the parameter set used but not on the start values of the two
variables. Regardless of the start values, the oscillation will always culminate
in exactly the same limit cycle (Stucki and Somogyi 1994). Stable oscillations
are therefore also referred to as limit cycle oscillations.
Starting with the parameter set used in Fig. 14.4, one can now change the values for different parameters and observe how this affects the calculated oscillations. During the investigation of Sr2+-induced Ca2+ oscillations in E. viridis, it
had been observed that an increase in external Sr2+ concentrations resulted in
faster oscillations with smaller amplitudes (Bauer et al. 1998a); analogous
observations were made when different amounts of Sr2+ were injected directly
into the algal cell. Changing the value for Srcy in Eq. (14.7) results in a similar
behaviour for the calculated oscillations. Keeping all other parameters as in
Fig. 14.4, no oscillations are observed below Srcy=0.08. Increasing Srcy results
in an increasing frequency, from a wavelength of l=64 at Srcy=0.08 to l=14.3 at
Srcy=0.54. Amplitudes start decreasing already at Srcy>0.11 and, at about
Srcy=0.5, amplitudes become very small, resulting in ‘saw tooth’ shape oscillations. At Srcy=0.55, no oscillation occurs. The dose dependence of frequency
and amplitude of Sr2+-induced Ca2+ oscillations recorded in E. viridis can qualitatively be reproduced by the mathematical model described by Eq. (14.7).
This good correspondence between experimental data and the mathematical model does not, of course, prove that the model is correct. Nonetheless,
it demonstrates that even a highly simplified model is sufficient to reflect the
Sr2+ dose dependence observed. The assumption of a constant Srcy itself is
also a simplification and, in a more realistic model, the Sr2+ concentration in
the cytoplasm (Srcy) and in the ER (Srer) could be treated as variables.
Ultimately, this would result in a ‘doubling’ of the equations and parameters
used in Eq. (14.7). As discussed above, however, this would add quite a bit of
complexity without necessarily providing new insight.
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Which range of values for a single parameter does result in oscillations
depends on the values of the other parameters. Keeping all other parameters
as in Fig. 14.4, no oscillations are observed at nin=0.2 (rather than nin=1).
However, there are oscillations at nin=0.2 if keri is increased to 15.7 and K is
decreased to 1; neither an increase of keri to 15.7 alone or a decrease of K to 1
alone is sufficient for oscillations. Obviously, it is impossible to predict which
parameter values will result in oscillation and which will not. With a software
package such as Mathematica©, it is easy to solve Eq. (14.7) numerically for a
variety of parameter sets but, for a more systematic study, a stability analysis
should be performed. This is done by calculating the so-called eigenvalues for
different parameter sets, with positive eigenvalues indicating stable oscillations. For an excellent introduction of the concept of a stability analysis, the
reader is referred to Stucki and Somogyi (1994).
For a more informal approach, there are some basic requirements for stable oscillations – as mentioned above – that have to be fulfilled. A system with
at least two variables is needed for simple oscillations; three or more are
required for bursting or chaotic Cacy dynamics (Schuster et al. 2002). At least
one feedback connection between the oscillating variables as well as ‘sufficient
total nonlinearity’ are required (Stucki and Somogyi 1994). Frequently, this
nonlinearity results partly from the nonlinear feedback between the variables;
typical elements here are cooperative binding or Michaelis-Menten-type binding. Obviously, for a Ca2+ oscillator – a system that is able to produce stable
Ca2+ oscillations – this needs more than only a Ca2+ pump and a Ca2+ channel
(Harper 2001).
Could the mathematical model of Ca2+ oscillations described here for the
unicellular green alga E. viridis be used to describe Ca2+ oscillations in other
plant cells? Most likely, yes – with some modifications, of course. In a pharmacological study of Nod factor-induced Ca2+ oscillations in root hairs of
Medicago truncatula (Engstrom et al. 2002), the ER Ca2+-ATPase blockers
DBHQ or CPA effectively inhibited Ca2+ oscillations at µmolar concentrations –
as in E. viridis. Caffeine and 2-APB (2-aminoethoxydiphenylborate), modulators of ryanodine receptor and/or IP3 receptor Ca2+ channels, inhibited Nod
factor-induced Ca2+ oscillations, too (Engstrom et al. 2002). This indicates
that, comparably to the model presented here, the second variable might be
Caer or the Ca2+ concentration of the nuclear envelope, since Nod factorinduced Ca2+ oscillations were shown to initiate in the nuclear region of root
hair cells (Ehrhardt et al. 1996). On the other hand, externally applied La3+ or
Gd3+ (1 mM) had no apparent effects on Nod factor-induced Ca2+ oscillations
(Engstrom et al. 2002), indicating that a model with constant total cellular
Ca2+ content (nin=0, nout=0) might be more appropriate.
The most attractive system for modelling Ca2+ oscillations in plants seems
to be stomatal guard cells. Guard cells are the most extensively studied system dealing with the generation of Ca2+ oscillations in plant cells (see Sect.
14.2). A variety of stimuli – including ABA, external Ca2+, cold and H2O2 – can
induce Ca2+ oscillations in guard cells, and there is good evidence that different
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molecular mechanisms are involved in Ca2+ oscillations induced by different
stimuli (Allen et al. 2000; Evans et al. 2001; Hetherington and Brownlee 2004).
Mathematical modelling should help to clarify the different pathways that are
available in guard cells to generate Ca2+ oscillations.
Moreover, Ca2+ oscillations in guard cells show different shapes and complexities. In Commelina communis guard cells (McAinsh et al. 1995), 0.1 mM
external Ca2+ (Caext) induces simple, regular Ca2+ oscillations (called symmetrical oscillations by McAinsh et al.) whereas 1.0 mM Caext induces bursting oscillations (called asymmetrical oscillations by McAinsh et al.). These
issues are described in detail by McAinsh in Chapter 7 of this book.
‘Bursting’ describes a pattern in which phases of high-frequency oscillations
are separated by phases of quiescence and, in Ca2+ bursting, usually each
phase of oscillation – or each burst – consists of an initial large spike followed by a series of smaller spikes. Simple oscillations, also called regular
spiking, can be modelled by relatively simple models with two variables and
are often based on CICR – like the model developed above (Eq. 14.7).
Bursting oscillations, whether regular or chaotic, require more complex
mathematical models with at least three variables and three differential
equations (Borghans et al. 1997; Schuster et al. 2002). Mathematical modelling of the transition from simple to bursting Ca2+ oscillations at increasing
Caext in C. communis guard cells might give new insight into the molecular
mechanisms generating those Ca2+ oscillations.
Ca2+ influx across the plasma membrane (nin in Fig. 14.1) has been shown
to be involved in the generation of Ca2+ oscillations in guard cells of different
species and under different stimuli (McAinsh et al. 1995; Klüsener et al. 2002).
Hyperpolarization-activated plasma membrane Ca2+ channels (Hamilton
et al. 2000; Pei et al. 2000) seem to play a key role in Ca2+ influx into guard
cells. This indicates that, in a mathematical model of guard cell Ca2+ oscillations, the membrane potential has to be introduced as a separate variable. In
experiments with Vicia faba guard cells, oscillations in the potential of the
guard cell plasma membrane were accompanied by Cacy transients (Grabov
and Blatt 1998). Artificial hyperpolarization of the guard cell plasma membrane results in an increase of Cacy (Grabov and Blatt 1998; Allen et al. 2000).
Accordingly, a mathematical model for regular Ca2+ oscillations in guard cells
may be based on two variables – Cacy and the plasma membrane potential.
What is the evidence for feedback between these two variables? The membrane potential regulates Ca2+ influx in a nonlinear manner. Increasing Caext
seems to stimulate the opening of hyperpolarization-activated plasma membrane Ca2+ channels whereas increasing Cacy reduces their activity (Hamilton
et al. 2000). The Ca2+ influx (nin) affects the membrane potential directly
whereas increasing Cacy affects the membrane potential indirectly by regulating different plasma membrane ion channels. In a mathematical model of
guard cell Ca2+ oscillations, hyperpolarization-activated Ca2+ channels would
be a central element. They connect the two variables – Cacy and membrane
potential – and, in addition to being regulated by Cacy and Caext, they seem to

Ch14.qxd

18/12/06

12:08 PM

Page 309

Modelling Ca2+ Oscillations in Plants

309

be the target of a multitude of signalling pathways that are involved in stomatal closure (Klüsener et al. 2002; Hetherington and Brownlee 2004).
In addition to Ca2+ influx across the plasma membrane, there are good
indications that Ca2+ release from intracellular stores contributes to the generation of Ca2+ oscillations in guard cells. A phospholipase C blocker inhibits
ABA-induced Ca2+ oscillations (Staxen et al. 1999; Klüsener et al. 2002), indicating the importance of intracellular Ca2+ release via IP3 receptor Ca2+ channels. Although there is no experimental evidence indicating which
intracellular Ca2+ store might carry these IP3 receptors, it seems justified to
speculate that oscillations in the Ca2+ concentration of a Ca2+ store (such as
Caer in Eq. 14.7) can be involved in guard cell Ca2+ oscillations – as in many
other systems. With three oscillating variables, Cacy, Caer (or another store)
and the membrane potential, different models for regular Ca2+ oscillations
can be developed, and even bursting Ca2+ oscillations in guard cells might
eventually be described by a plausible mathematical model.
Ca2+ oscillations in plant cells are a fascinating but not very well-understood phenomenon. One reason for this paucity of information is the complex nature of the oscillations. There is good evidence that, as in animal cells,
Ca2+ oscillations in plant cells are involved in intracellular signal transduction
processes, and that the frequency and amplitude of these oscillations might
encode the information to be transmitted (Ng and McAinsh 2003;
Hetherington and Brownlee 2004). This means that different stimuli cause
Ca2+ oscillations of different frequencies and amplitudes and, depending on
frequency and amplitude, different physiological reactions are triggered,
enabling stimulus-specific reactions. Yet, the encoding mechanisms setting
frequency and amplitude remain elusive. There is good experimental evidence on which molecular components might be involved in the generation
of intracellular Ca2+ oscillations (see Sect. 14.2). However, how these components bring about an oscillation with a certain frequency and amplitude is not
understood, and can probably not be without mathematical modelling.
The best way to make reasonable predictions about the frequency and
amplitude of a Ca2+ oscillation is on the basis of a mathematical model.
Theoretical predictions based on mathematical modelling can then be tested
experimentally to refine the mathematical model and to improve our understanding of the physiological functions of Ca2+ oscillations.
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